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A DIXMIER-DOUADY THEORY FOR STRONGLY SELF-ABSORBING
C∗-ALGEBRAS
MARIUS DADARLAT AND ULRICH PENNIG
Abstract. We show that the Dixmier-Douady theory of continuous fields of C∗-algebras with
compact operators K as fibers extends significantly to a more general theory of fields with fibers
A ⊗ K where A is a strongly self-absorbing C*-algebra. The classification of the corresponding
locally trivial fields involves a generalized cohomology theory which is computable via the Atiyah-
Hirzebruch spectral sequence. An important feature of the general theory is the appearance of
characteristic classes in higher dimensions. We also give a necessary and sufficient K-theoretical
condition for local triviality of these continuous fields over spaces of finite covering dimension.
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1. Introduction
Continuous fields of C*-algebras are employed as versatile tools in several areas, including
index and representation theory, the Novikov and the Baum-Connes conjectures [12], (deformation)
quantization [40, 30] and the study of the quantum Hall effect [5]. While continuous fields play the
role of bundles in C*-algebra theory, the underlying bundle structure is typically not locally trivial.
Nevertheless, these bundles have sufficient continuity properties to allow for local propagation of
interesting K-theory invariants along their fibers. Continuous fields of C*-algebras with simple
fibers occur naturally as the class of C*-algebras with Hausdorff primitive spectrum.
M.D. was partially supported by NSF grant #DMS–1101305.
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In a classic paper [19], Dixmier and Douady studied the continuous fields of C∗-algebras with
fibers (stably) isomorphic to the compact operators K = K(H) (H an infinite dimensional Hilbert
space) over a paracompact base space X. In this article we develop a general theory of continuous
fields with fibers A⊗K where A is a strongly self-absorbing C*-algebra. We show that the results
of [19] fit naturally and admit significant generalizations in the new theory. The classification of
these fields involves suitable generalized cohomology theories. An important feature of the new
theory is the appearance of characteristic classes in higher dimensions.
As a byproduct of our approach we find an operator algebra realization of the classic spectrum
BBU⊗. Let us recall that for a compact connected metric space X the invertible elements of the
K-theory ring K0(X) is an abelian group K0(X)× whose elements are represented by classes of
vector bundles of virtual rank ±1, corresponding to homotopy classes [X,Z/2×BU⊗]. The group
operation is induced by the tensor product of vector bundles. Segal has shown that BU⊗ is in fact
an infinite loop space and hence there is a cohomology theory bu∗⊗(X) such that K
0(X)× is just
the 0-group bu0⊗(X) of this theory [47], but gave no geometric interpretation for the higher order
groups. Our results lead to a geometric realization of the first group bu1⊗(X) as the isomorphism
classes of locally trivial bundles of C*-algebras with fiber the stabilized Cuntz algebra O∞ ⊗ K
where the group operation corresponds to the tensor product, see [16].
Let us recall two central results of Dixmier and Douady from [19].
Theorem 1.1. The isomorphism classes of locally trivial fields over X with fibers K form a group
under the operation of tensor product and this group is isomorphic to Hˇ3(X,Z).
Theorem 1.2. If X is finite dimensional, then a separable continuous field B over X with fibers
isomorphic to K is locally trivial if and only if it satisfies Fell’s condition, i.e. each point of X has a
closed neighborhood V such that the restriction of B to V contains a projection of constant rank 1.
The corresponding characteristic class δ(B) ∈ Hˇ3(X,Z) is now known as the Dixmier-Douady
invariant. Most prominent among its applications is its appearance as twisting class in twisted
K-theory [21, 43, 3, 4], which is the natural home for D-brane charges in string theory [48, 9]. A
recent friendly introduction to the Dixmier-Douady theory can be found in [44].
The class of strongly self-absorbing C*-algebras, introduced by Toms and Winter [52], is closed
under tensor products and contains C*-algebras that are cornerstones of Elliott’s classification
program of simple nuclear C*-algebras: the Cuntz algebras O2 and O∞, the Jiang-Su algebra Z,
the canonical anticommutation relations algebra M2∞ and in fact all UHF-algebras of infinite type.
These are separable C*-algebras singled out by a crucial property: there exists an isomorphism
A → A ⊗ A, which is unitarily homotopic to the map a 7→ a ⊗ 1A, [18, 53]. Using this property,
which is equivalent to, but formally much stronger than the original definition of [52], we prove
that
• Aut(A) is contractible in the point-norm topology.
• Aut(A⊗K) is well-pointed and it has the homotopy type of a CW-complex.
• The classifying space BAut(A ⊗ K) of locally trivial C∗-algebra bundles with fiber A ⊗ K
carries an H-space structure induced by the tensor product. Moreover, this tensor product
multiplication is homotopy commutative up to all higher homotopies and therefore equips
BAut(A⊗K) with the structure of an infinite loop space by results of Segal and May.
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These properties mirror entirely the corresponding properties of Aut(K) = PU(H) and BAut(K) =
BPU(H) obtained by their identification with the Eilenberg-MacLane spaces K(Z, 2) and respec-
tively K(Z, 3) which we implicitly reprove as they correspond to the case A = C. Recall that if X
is paracompact Hausdorff, then Hˇn(X,Z) ∼= [X,K(Z, n)], [27].
It is worth noting that while the obstructions to having a natural group structure on the
isomorphism classes of locally trivial continuous fields with fiberA⊗K – such as nontrivial Samelson
products [39, sec.6] – do vanish in the strongly self-absorbing case, that is not necessarily true for
general self-absorbing C∗-algebras, i.e. those with A⊗A ∼= A. This motivates yet again our choice
of fibers. In complete analogy with Theorem 1.1 we have:
Theorem A. Let X be a compact metrizable space and let A be a strongly self-absorbing C*-
algebra. The set BunX(A ⊗ K) of isomorphism classes of locally trivial fields over X with fiber
A ⊗ K becomes an abelian group under the operation of tensor product. Moreover, this group is
isomorphic to E1A(X), the first group of a generalized connective cohomology theory E
∗
A(X) defined
by the infinite loop space BAut(A⊗K).
We also show that the zero group E0A(X) computes the homotopy classes [X,Aut(A ⊗ K)]
and it is isomorphic to the group of positive invertible elements of the abelian ring K0(C(X)⊗A),
denoted by K0(C(X)⊗A)
×
+, for A 6= C. In particular, we fully compute the coefficients of E
∗
A(X),
as they are given by the homotopy groups
πi(Aut(A⊗K)) =
{
K0(A)
×
+ if i = 0
Ki(A) if i ≥ 1 .
K0(A) has a natural ring structure with unit given by the class of 1A. K0(A)
× denotes the group
of multiplicative elements of K0(A) and K0(A)
×
+ is its subgroup consisting of positive elements.
The Atiyah-Hirzebruch spectral sequence then allows us to obtain classification results for
locally trivial A⊗K-bundles over X. In the case of the universal UHF algebra MQ, bundles with
fiber MQ ⊗ K are essentially classified by the ordinary rational cohomology groups of odd degree
of the underlying space:
BunX(MQ ⊗K) ∼= E
1
MQ(X)
∼= H1(X,Q×+)⊕
⊕
k≥1
H2k+1(X,Q).
A similar result holds for bundles with fiber O∞⊗MQ⊗K, see Corollary 4.5. It follows that if A is
any strongly self-absorbing C*-algebra that satisfies the UCT, then there are rational characteristic
classes δk : BunX(A⊗K)→ H
2k+1(X,Q) such that δk(B1 ⊗B2) = δk(B1) + δk(B2).
An unexpected consequence of our results is that for any strongly self-absorbing C*-algebra
A, if two bundles B1, B2 ∈ BunX(A ⊗ K) become isomorphic after tensoring with O∞, then they
must be isomorphic in the first place, see Corollary 4.9.
Our result concerning local triviality is the following generalization of Theorem 1.2 which
involves a K-theoretic interpretation of Fell’s condition.
Theorem B. Let X be a locally compact metrizable space of finite covering dimension and let A be
a strongly self-absorbing C*-algebra. A separable continuous field B over X with fibers abstractly
isomorphic to A ⊗ K is locally trivial if and only if for each point x ∈ X, there exist a closed
neighborhood V of x and a projection p ∈ B(V ) such that [p(v)] ∈ K0(B(v))
× for all v ∈ V .
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A notable consequence of Theorem B is that any separable continuous field of C*-algebras
over X with all fibers abstractly isomorphic to MQ⊗K is locally trivial and therefore, by Theorem
A, it is determined up to isomorphism by its class in E1MQ(X)
∼= H1(X,Q×+)⊕
⊕
k≥1H
2k+1(X,Q).
The condition that X is finite dimensional is essential in Theorem B, as shown by examples
constructed in [19] for A = C, [26] for A =MQ and [15] for A = O2.
Let us recall that a C*-algebra isomorphic to the compact operators on a separable (possibly
finite dimensional) Hilbert space is called an elementary C*-algebra. Dixmier and Douady gave
two other results concerning continuous fields of elementary C*-algebras:
(i) If B is a continuous field of elementary C*-algebras that satisfies Fell’s condition, then
B ⊗K is locally trivial.
(ii) The class δ(B) ∈ Hˇ3(X,Z) can be defined for any continuous field of elementary C*-
algebras that satisfies Fell’s condition. Moreover B is isomorphic to the compact operators of a
continuous field of Hilbert spaces if and only if δ(B) = 0.
We extend (i) and the first part of (ii) to general strongly self-absorbing C*-algebras, but we
must require finite dimensionality for either the fiber or the base space in order to obtain a perfect
analogy with these results, see Corollaries 4.10 and 4.11. These restrictions are necessary. Indeed,
while any unital separable continuous field of C*-algebras with fiber C over X is locally trivial (in
fact isomorphic to C0(X)), automatic local triviality fails if C is replaced by strongly self-absorbing
C*-algebras such as MQ and O2, see [26] and [15].
This fact also explains why the second part of (ii) is specific to fields of elementary C*-algebras.
Our set-up allows us to associate rational characteristic classes to any continuous fields (satisfying
a weak Fell’s condition) whose fibers are Morita equivalent to strongly self-absorbing C*-algebras
which are not necessarily mutually isomorphic. Such fields are typically very far from being locally
trivial. We refer the reader to Section 4 for further discussion.
The homotopy equivalence Aut(A⊗K) ≃ K0(A)
×
+×BU(A) (see Corollary 2.17) suggests that
the generalized cohomology theory associated to Aut(A ⊗ K) is very closely related to the unit
spectrum GL1(KU
A) of topological K-theory with coefficients in the group K0(A). This is again
parallel to the Dixmier-Douady theory, where we have Aut(K) = PU(H) ≃ BU(1) ⊂ GL1(KU).
We will make this connection precise in [16]. Let us just mention here that the homotopy equivalence
Aut(Z ⊗ K) ≃ BU deloops to a homotopy equivalence BAut(Z ⊗ K) ≃ B(BU⊗). This unveils a
very natural operator algebra realization of the classic Ω-spectrum B(BU⊗) introduced by Segal
[47].
The authors are grateful to Johannes Ebert, Peter May and Jim McClure for a number of
useful discussions.
2. The topology of Aut(A⊗K) for strongly self-absorbing algebras
The automorphism group Aut(B) of a separable C*-algebra B, equipped with the point-norm
topology, is a separable and metrizable topological group. In particular its topology is compactly
generated. We are going to show in this section that if A is a strongly self-absorbing C∗-algebra,
then Aut(A ⊗ K) is well-pointed and has the homotopy type of a CW -complex. This will enable
us to apply the standard techniques of algebraic topology, in particular when it comes to dealing
with its classifying space. We denote by ≃ the relation of homotopy equivalence.
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2.1. Strongly self-absorbing C*-algebras. Let us recall from [52] that a C*-algebra A is
strongly self-absorbing if it is separable, unital and there exists a ∗-isomorphism ψ : A → A ⊗ A
such that ψ is approximately unitarily equivalent to the map l : A → A ⊗ A, l(a) = a ⊗ 1A. It
follows from [18] and [53] that ψ and l must be in fact unitarily homotopy equivalent, see The-
orem 2.1(b). Note that, unlike [52], we don’t exclude the complex numbers C from the class of
strongly self-absorbing C*-algebras. For future reference, we collect under one roof an important
series of results due to several authors.
Theorem 2.1. A strongly self-absorbing C*-algebra A has the following properties:
(a) A is simple, nuclear and is either stably finite or purely infinite; if it is stably finite, then it
admits a unique trace, see [52] and references therein.
(b) Let B be a unital separable C*-algebra. For any two unital ∗-homomorphisms α, β : A →
B ⊗ A there is a continuous path of unitaries (ut)t∈[0,1) in B ⊗ A such that u0 = 1 and
limt→1 ‖utα(a)u
∗
t−β(a)‖ = 0 for all a ∈ A. This property was proved in [18, Thm.2.2] under
the assumption that A is K1-injective. Winter [53] has shown that any infinite dimensional
strongly self-absorbing C*-algebra A is Z-stable, i.e. A⊗Z ∼= A, and hence A isK1-injective
by a result of Rørdam [42].
(c) Any unital Z-stable C*-algebra has cancellation of full projections by a result of Jiang [28,
Thm.1]. In particular, if B is a separable unital C*-algebra and A 6= C, then B ⊗ A is
isomorphic to B ⊗A⊗Z and hence it has cancellation of full projections.
(d) If B is a unital Z-stable C*-algebra, then π0(U(B)) ∼= K1(B), by [28, Thm.2].
(e) If A satisfies the Universal Coefficient Theorem (UCT) in KK-theory, then K1(A) = 0 by
[52]. If in addition A is purely infinite, then A is isomorphic to either O2 or O∞ or a tensor
product of O∞ with a UHF-algebra of infinite type [52, Cor.5.2].
Notation. For C*-algebras A,B we denote by Hom(A,B) the space of full ∗-homomorphisms from
A to B and by End(A) the space of full ∗-endomorphisms of A. Recall that a ∗-homomorphism
ϕ : A → B is full if for any nonzero element a ∈ A, the closed ideal generated by ϕ(a) is equal
to B. If A is a unital C*-algebra, we denote by K0(A)+ the subsemigroup of K0(A) consisting of
classes [p] of full projections p ∈ A⊗K.
2.2. Contractibility of Aut(A). While it is known from [18, Cor.3.1] that Aut(A) is weakly
contractible in the point norm-topology, we can strengthen this result by combining it with the
idea of half-flips from [52].
Let B be a separable C∗-algebra and let e ∈ B be a projection. Consider the following spaces
of ∗-endomorphisms of B endowed with the point-norm topology.
Ende(B) = {α ∈ End(B) : α(e) = e}, Aute(B) = {α ∈ Aut(B) : α(e) = e}.
Let l, r : B → B ⊗B (minimal tensor product) be defined by l(b) = b⊗ e and r(b) = e⊗ b.
Lemma 2.2. Suppose that there is a continuous map ψ : [0, 1] → Hom(B,B ⊗ B) such that
ψ(0) = l, ψ(1) = r, ψ(t)(e) = e ⊗ e and ψ(t) is a ∗-isomorphism for all t ∈ (0, 1). Then Aute(B)
and Ende(B) are contractible spaces.
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Proof. First we deal with Aute(B). Consider H : I ×Aute(B)→ Aute(B) defined by
(1) H(t, α) =

α for t = 0
ψ(t)−1 ◦ (α ⊗ idB) ◦ ψ(t) for 0 < t < 1 ,
idB for t = 1 .
Note that H(t, α)(e) = e since ψ(t)(e) = e⊗e. Observe that (α⊗idB)◦l = l◦α. It is straightforward
to verify the continuity of H at points (α, t) with t 6= 0 and t 6= 1. Let b ∈ B, let tn ∈ (0, 1) be a
net converging to 0 and let αi ∈ Aute(B) be a net converging to α ∈ Aute(B). The estimate,
‖(ψ(tn)
−1 ◦ (αi ⊗ idB) ◦ ψ(tn))(b) − α(b)‖ = ‖(αi ⊗ idB) ◦ ψ(tn)(b) − ψ(tn) ◦ α(b)‖
≤ ‖(αi ⊗ idB) ◦ ψ(tn)(b)− (αi ⊗ idB) ◦ l(b)‖ + ‖(αi ⊗ idB) ◦ l(b)− (α⊗ idB) ◦ l(b)‖
+ ‖(α ⊗ idB) ◦ l(b)− ψ(tn) ◦ α(b)‖
≤ ‖ψ(tn)(b) − l(b)‖+ ‖αi(b)− α(b)‖ + ‖(α ⊗ idB) ◦ l(b)− ψ(tn) ◦ α(b)‖
implies the continuity of H at (α, 0). An analogous argument using (α ⊗ idB) ◦ r = r shows
continuity at (α, 1). We also have H(t, idB) = idB for all t ∈ [0, 1]. Thus, H provides a (strong)
deformation retraction of Aute(B) to idB . The argument for the contractibility of Ende(B) is
entirely similar. One observes that equation (1) also defines a map H : I × Ende(B) → Ende(B)
which gives a deformation retraction of Ende(B) to idB.. 
Theorem 2.3. Let A be a strongly self-absorbing C∗-algebra. Then Aut(A) and End1A(A) are
contractible spaces.
Proof. Let l, r : A → A ⊗ A be the maps l(a) = a ⊗ 1A and r(a) = 1A ⊗ a. Fix an isomorphism
ψ : A → A ⊗ A. It follows from Theorem 2.1(b) that there exists a continuous path of unitaries
u : (0, 1]→ U(A⊗A) with u(1) = 1A⊗A such that
lim
t→0
‖u(t)ψ(a)u(t)∗ − l(a)‖ = 0 .
Define ψl : (0, 1] → Iso(A,A ⊗ A) by ψl(t) = Adu(t) ◦ ψ. Likewise there is a continuous path of
unitaries v : [0, 1) → U(A⊗A) with v(0) = 1A⊗A and such that
lim
t→1
‖v(t)ψ(a) v(t)∗ − r(a)‖ = 0 .
Define ψr : [0, 1) → Iso(A,A ⊗ A) by ψr(t) = Adv(t) ◦ ψ. By juxtaposing the paths ψl and ψr we
obtain a homotopy from l to r which satisfies the assumptions of Lemma 2.2 with e = 1A. It follows
that Aut(A) and End1A(A) are contractible spaces. 
The following is a minor variation of a result of Blackadar [7, p.57] and Herman and Rosenberg
[24].
Lemma 2.4. Let A and B be separable AF-algebras and let e ∈ A be a projection. Suppose that
ϕ,ψ : A → B are two ∗-homomorphisms such that ϕ(e) = ψ(e) and ϕ∗ = ψ∗ : K0(A) → K0(B).
Then there is a continuous map u : [0, 1) → U(B+) with u(0) = 1, [u(t), ψ(e)] = 0 for all t ∈ [0, 1)
and such that limt→1 ‖u(t)ψ(a)u(t)
∗ − ϕ(a)‖ = 0 for all a ∈ A.
Proof. If B is a nonunital C∗-algebra, we regard B as a C*-subalgebra of its unitization B+. Write
A as the closure of an increasing union of finite dimensional C*-subalgebras An ⊂ An+1 with
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A0 = Ce. Since φ∗ = ψ∗, for each n ≥ 0 we find a unitary un ∈ U(B
+) such that unψ(x)u
∗
n = ϕ(x)
for all x ∈ An and u0 = 1. Observe that wn = u
∗
n+1un is a unitary in the commutant Cn of ψ(An)
in B+. This commutant is known to be an AF-algebra, see [24, Lemma 3.1]. Therefore there is
a continuous path of unitaries t 7→ Wn(t) ∈ U(Cn), t ∈ [n, n + 1], such that Wn(n) = wn and
Wn(n + 1) = 1. Define a continuous map u : [0,∞) → U(B) by u(t) = un+1Wn(t), t ∈ [n, n + 1].
One verifies immediately that [u(t), ψ(e)] = 0 for all t and that u(t)ψ(x)u(t)∗ = ϕ(x) for all x ∈ An
and t ∈ [n, n+ 1]. It follows that limt→∞ ‖u(t)ψ(a)u(t)
∗ − ϕ(a)‖ = 0 for all a ∈ A. 
Theorem 2.5. Let A be a strongly self-absorbing C∗-algebra and let e ∈ K be a rank-1 projection.
Then the stabilizer group Aut1⊗e(A⊗K) and the space End1⊗e(A⊗K) are contractible.
Proof. We shall use the following consequence of Lemma 2.4. Let ϕ0, ϕ1 : K → K ⊗ K be two
∗-homomorphisms such that ϕ0(e) = ϕ1(e) = e ⊗ e. Fix a ∗-isomorphism ψ1/2 : K → K ⊗ K with
ψ1/2(e) = e ⊗ e. By applying Lemma 2.4 to both pairs (ϕi, ψ1/2), i = 0, 1, we find a continuous
map ψ : [0, 1] → Hom(K,K ⊗ K) such that ψ(0) = ϕ0, ψ(1) = ϕ1, ψ(t)(e) = e ⊗ e and ψ(t) is a
∗-isomorphism for all t ∈ (0, 1).
We proceed in much the same way as the proof of Theorem 2.3, by applying Lemma 2.2. Let
l, r : A → A ⊗ A be defined by l(a) = a ⊗ 1A and r(a) = 1A ⊗ a. We have seen in the proof
of Theorem 2.3 that there is a continuous map ψ : [0, 1] → Hom(A,A ⊗ A) such that ψ(0) = l,
ψ(1) = r, and ψ(t) is a ∗-isomorphism for all t ∈ (0, 1).
Let lK, rK : K → K ⊗ K be given by lK(x) = x ⊗ e, rK(x) = e ⊗ x. Using the remark from
the beginning of the proof, we find a continuous map ψK : [0, 1] → Hom(K,K ⊗ K) such that
ψK(0) = lK, ψK(1) = rK, ψK(t)(e) = e⊗ e and ψK(t) is a ∗-isomorphism for all t ∈ (0, 1).
Let AK = A⊗K and consider the ∗-homomorphisms lˆ, rˆ : AK → AK ⊗AK with
lˆ = σ ◦ (l ⊗ lK) and rˆ = σ ◦ (r ⊗ rK) ,
where σ : A⊗ (A⊗K)⊗K→ (A⊗K)⊗ (A⊗K) interchanges the second and third tensor factor.
Note that lˆ(a ⊗ x) = (a ⊗ x) ⊗ (1A ⊗ e) and rˆ(a ⊗ x) = (1A ⊗ e) ⊗ (a ⊗ x) for a ∈ A and
x ∈ K. Define ψˆ : [0, 1] → Hom(AK, AK ⊗ AK) by ψˆ = σ ◦ (ψ ⊗ ψK). Then ψˆ(0) = lˆ, ψˆ(1) = rˆ,
ψˆ(t)(1A ⊗ e) = (1A ⊗ e) ⊗ (1A ⊗ e) and ψˆ(t) is an isomorphism for all t ∈ (0, 1). It follows by
Lemma 2.2 that Aut1⊗e(A⊗K) and End1⊗e(A⊗K) are contractible. 
Remark 2.6. Taking A = C, Thm. 2.5 reproves the contractibility of U(H) in the strong topology.
2.3. The homotopy type of Aut0(A ⊗ K). For a C
∗-algebra B we denote by Aut0(B) and
End0(B) the path-connected component of the identity. We have seen in Theorem 2.3 that for
a strongly self-absorbing C∗-algebra A the space Aut(A) is contractible. In particular, it has the
homotopy type of a CW-complex. In this section, we will extend the latter statement to the space
Aut0(A⊗K), which is no longer contractible, but has a very interesting homotopy type. We start
by considering the subspace of projections in A⊗K, denoted by Pr(A⊗K).
Lemma 2.7. Let B be a C∗-algebra. The space Pr(B) has the homotopy type of a CW-complex.
Proof. Let Bsa be the real Banach space of self-adjoint elements in B. Consider the subset U of
Bsa consisting of all elements which do not have 1/2 in the spectrum. Since invertibility is an open
condition, U is an open subset of Bsa and therefore has the homotopy type of a CW-complex by
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[31, Cor.5.5, p.134]. Since σ(p) ⊂ {0, 1} for any projection p ∈ B, we have Pr(B) ⊂ U . Let f be
the characteristic function of the interval (12 ,∞). By functional calculus, f induces a continuous
map U → Pr(B), a 7→ f(a) , which restricts to the identity on Pr(B). Thus, Pr(B) is dominated
by a space having the homotopy type of a CW-complex. By [31, Cor.3.9, p.127] it is homotopy
equivalent to a CW-complex itself. 
Let e be a rank-1 projection in K. We define Pr0(A ⊗ K) to be the connected component of
1⊗ e ∈ Pr(A⊗K). It does not depend on the choice of e as long as the rank of e is equal to 1.
Lemma 2.8. Let A be a unital C∗-algebra and let e ∈ K be a rank-1 projection. Then the maps
Aut0(A⊗K)→ Pr0(A⊗K) and End0(A⊗K)→ Pr0(A⊗K) which send α to α(1⊗ e) are locally
trivial fiber bundles over a paracompact base space and therefore Hurewicz fibrations.
Proof. This is a particular case of a more general result, which we will prove for End0(A⊗K). The
proof for the sequence of automorphism groups is entirely analogous. Let B be a C*-algebra, let
q ∈ Pr(B) and let Pr0(B) be the path-component of q. Then π : End0(B)→ Pr0(B), π(α) = α(q)
is in fact a locally trivial bundle with fiber Endq(B). The map π is well-defined. Indeed, if α is
homotopic to idB , then the projection α(q) is connected to q by a continuous path in Pr(B).
Let U0(B
+) denote the path-component of 1 in the unitary group of the unitization of B.
Thus, for u ∈ U0(B
+) we have Adu ∈ Aut0(B) ⊆ End0(B). By definition any p ∈ Pr0(B) is
homotopic to q. Therefore p and q are also unitarily equivalent via a unitary u ∈ U0(B
+). Since
π(Adu) = p it follows that π is surjective. Let p0 ∈ Pr0(B) and let U be its the open neighborhood
given by U = {p ∈ Pr0(B) | ‖p− p0‖ < 1}. If p ∈ U , then xp = p0p+(1− p0)(1− p) is an invertible
element of B+. It follows that up = xp(x
∗
pxp)
− 1
2 is a unitary in U0(B
+) and the map p 7→ up is
continuous with respect to the norm topologies [8, Prop.II.3.3.4]. Choose a unitary v ∈ U0(B
+)
such that p0 = vqv
∗. Then σp0 : U → Aut0(B), p 7→ Adu∗pv is a continuous section of π over U
and κU : U × Endq(B) → End0(B) defined by κU (x, β) = σp0(x) ◦ β is a local trivialization with
inverse τU : End0(B)→ U ×Endq(B) given by τU (β) = (β(q), σp0(β(q))
−1 ◦ β). This completes the
proof. 
Corollary 2.9. Let A be a strongly self-absorbing C∗-algebra. Then the spaces Aut0(A ⊗ K) and
End0(A ⊗ K) both have the homotopy type of a CW-complex; they are homotopy equivalent to
Pr0(A⊗K) ≃ BU(A).
Proof. By Lemma 2.8 and Theorem 2.5 the spaces Aut0(A⊗K) and End0(A⊗K) are total spaces of
fibrations where both base and fiber have the homotopy type of a CW-complex. Now the statement
follows from [45, Thm.2], Theorem 2.5, except that it remains to argue that Pr0(A⊗K) ≃ BU(A).
This is certainly known. The group U(M(A⊗K)) acts continuously and transitively on Pr0(A⊗K)
via u 7→ u(1⊗e)u∗ with stabilizer U(A)×U(M(A⊗K)). By the contractibility of U(M(A⊗K)) [13],
U(A)→ U(M(A⊗K))/1A ×U(M(A⊗K))→ Pr0(A⊗K) is the universal principal U(A)-bundle.
One uses the map p 7→ up constructed in the proof of Lemma 2.8 in order to verify local triviality.
Thus Pr0(A⊗K) is a model for BU(A). 
2.4. The homotopy type of Aut(A ⊗ K). In this section we compute the homotopy classes
[X,End(A ⊗ K)] and [X,Aut(A ⊗ K)] in the case of a strongly self-absorbing C*-algebra A and
a compact metrizable space X, see Theorem 2.22. A similar topic was studied for Kirchberg
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algebras in [14]. Throughout this subsection e is a rank-1 projection in K. Given a unital ring
R, we denote by R× the group of units in R. It is easily seen that K0(C(X) ⊗ A) carries a
ring structure with multiplication induced by an isomorphism ψ : A ⊗ K → A ⊗ K ⊗ A ⊗ K
which maps 1A ⊗ e to 1A ⊗ e ⊗ 1A ⊗ e. This structure does not depend on the choice ψ by
Theorem 2.5. Let End(A ⊗ K)× = {β ∈ End(A ⊗ K) | β(1 ⊗ e) invertible in K0(A)}. We identify
the space of continuous maps from X to End(A⊗ K) with Hom(A ⊗ K, C(X)⊗ A⊗ K) and with
EndC(X)(C(X) ⊗ A ⊗ K). Similarly, we will identify the space of continuous maps from X to
Aut(A⊗K) with AutC(X)(C(X) ⊗A⊗K).
Lemma 2.10. Let A and B be unital separable C*-algebras. Suppose that p ∈ B ⊗ K is a full
projection such that there is a unital ∗-homomorphism θ : A → p(B ⊗ K)p. Then there is a ∗-
homomorphism ϕ : A ⊗ K → B ⊗ K such that ϕ(1 ⊗ e) = p. If θ is an isomorphism, then we can
choose ϕ to be an isomorphism.
Proof. We denote by ∼ Murray-von Neumann equivalence of projections. Let us recall that if
q, r ∈ B⊗K are projections, then q ∼ r if and only if there is u ∈ U(M(B⊗K)) such that uqu∗ = r,
[37, Lemma 1.10]. Since p is a full projection in B ⊗ K, by [10], there is v ∈ M(B ⊗ K ⊗ K) such
that v∗v = p⊗ I and vv∗ = 1 ⊗ I ⊗ I. Then γ : p(B ⊗ K)p ⊗K → B ⊗K ⊗ K, γ(a) = vav∗, is an
isomorphism with the property that γ(p⊗ e) = v(p⊗ e)v∗ ∼ (p⊗ e)(v∗v)(p⊗ e) = p⊗ e. The map
K→ K⊗K, x 7→ x⊗ e is homotopic to a ∗-isomorphism as observed in the proof of Theorem 2.5.
It follows that the map B⊗K→ B⊗K⊗K, b⊗x 7→ b⊗x⊗e is also homotopic to a ∗-isomorphism
µ. Note that µ(p) ∼ p⊗ e ∼ γ(p⊗ e). Thus, after conjugating µ by a unitary in M(B⊗K) we may
arrange that µ(p) = γ(p⊗ e). It follows that ϕ = µ−1 ◦ γ ◦ (θ⊗ idK) ∈ Hom(A⊗K, B⊗K) has the
property that ϕ(1⊗ e) = p. Finally note that if θ is an isomorphism then so is ϕ. 
Corollary 2.11 (Kodaka, [29]). Let A be a separable unital C*-algebra and let p ∈ A⊗K be a full
projection. Then p(A⊗K)p ∼= A if and only if there is α ∈ Aut(A⊗K) such that α(1 ⊗ e) = p.
Proposition 2.12. Let A be a strongly self-absorbing C*-algebra and let B be a separable unital
C*-algebra such that B ∼= B⊗A. Let ϕ,ψ : A⊗K→ B⊗K be two full ∗-homomorphisms. Suppose
that [ϕ(1A ⊗ e)] = [ψ(1A ⊗ e)] ∈ K0(B). Then (i) ϕ is homotopic to ψ and (ii) ϕ is approximately
unitarily equivalent to ψ, written ϕ ≈u ψ.
Proof. (i) For C*-algebras A, B we denote by [A,B]♯ the homotopy classes of full ∗-homomorphisms
ϕ : A → B. The inclusion A ∼= A ⊗ e →֒ A ⊗ K induces a restriction map ρ : [A ⊗ K, B ⊗ K]♯ →
[A,B⊗K]♯. Thomsen showed that ρ is bijective, see [51, Lemma 1.4]. Since the map [ϕ] 7→ [ϕ(1⊗e)]
factors through ρ, it suffices to show that the map [A,B ⊗ K]♯ → K0(B), ϕ 7→ [ϕ(1)] is injective.
Let ϕ,ψ : A → B ⊗ K be two full ∗-homomorphisms. Suppose that [ϕ(1)] = [ψ(1)]. Since B has
cancellation of full projections by Theorem 2.1(c), after conjugation by a unitary in the contractible
group U(M(B⊗K)), we may assume that ϕ(1) = ψ(1) = p ∈ Pr(B⊗K). The C*-algebra p(B⊗K)p
is A-absorbing by [52, Cor.3.1]. It follows that the ∗-homomorphisms ϕ,ψ : A → p(B ⊗ K)p are
homotopic by Theorem 2.1(b).
(ii) It suffices to prove approximate unitary equivalence for the restrictions of ϕ and ψ to
A ⊗Mn(C) for any n ≥ 1. Let (eij) denote the canonical matrix unit of Mn(C), pij = ϕ(1 ⊗ eij),
qij = ψ(1 ⊗ eij), pn = ϕ(1 ⊗ 1n) and qn = ψ(1 ⊗ 1n). By reasoning as in part (a), we find a
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partial isometry v ∈ B ⊗ K such that v∗v = p11 and vv
∗ = q11. By [37, Lemma 1.10] there is
a partial isometry w ∈ M(B ⊗ K) such that w∗w = 1 − pn and ww
∗ = 1 − qn. It follows that
V = w+
∑n
k=1 qk1vp1k is a unitary inM(B⊗K) such that V ϕ(1⊗x)V
∗ = ψ(1⊗x) for all x ∈Mn(C).
Thus after conjugating ϕ by a unitary we may assume that ϕ(1⊗x) = ψ(1⊗x) for all x ∈Mn(C). Let
us observe that if a ∈ A and u ∈ U(p11(B⊗K)p11), then U = (1−pn)+
∑n
k=1 pk1up1k ∈ U(M(B⊗K))
satisfies Uϕ(a ⊗ eij)U
∗ − ψ(a ⊗ eij) = pi1
(
uϕ(a ⊗ e11)u
∗ − ψ(a ⊗ e11)
)
p1j . This reduces our task
to proving approximate unitary equivalence for the unital maps A⊗ e→ p(B ⊗K)p induced by ϕ
and ψ, where p = ϕ(1⊗ e). Since p(B⊗K)p is A-absorbing, this follows from Theorem 2.1(b). 
Next we consider the case when B = C(X) ⊗ A in Lemma 2.10. We compare two natural
multiplicative H-space structures on End(A⊗K).
Lemma 2.13. Let X be a topological space, let A be a strongly self-absorbing C∗-algebra and
let ψ : A ⊗ K → (A ⊗ K) ⊗ (A ⊗ K) be a ∗-isomorphism. The two operations ∗ and ◦ on G =
[X,End(A⊗K)] defined by
[α] ∗ [β] = [ψ−1 ◦ (α⊗ β) ◦ ψ] and [α] ◦ [β] = [α ◦ β] ,
where α ⊗ β : X → End((A ⊗ K)⊗2) denotes the pointwise tensor product, agree and are both
associative and commutative. Moreover, ∗ does not depend on the choice of ψ and is a group
operation when restricted to Aut(A⊗K).
Proof. First, let ψˆ, lˆ and rˆ be as in the proof of Theorem 2.5 and use ψ = ψˆ(12) in the definition of
the operation ∗. Given α, β, δ and γ ∈ C(X,End(A⊗K)) we have
([α] ∗ [β]) ◦ ([γ] ∗ [δ]) = [ψ−1 ◦ (α⊗ β) ◦ ψ ◦ ψ−1 ◦ (γ ⊗ δ) ◦ ψ]
= [ψ−1 ◦ ((α ◦ γ)⊗ (β ◦ δ)) ◦ ψ] = ([α] ◦ [γ]) ∗ ([β] ◦ [δ]) .
Thus, the Eckmann-Hilton [22] argument will imply that ∗ and ◦ agree and are both associative and
commutative for this particular choice of ψ if we can show that idA⊗K is a unit for the operation ∗.
Just as in the proof of Theorem 2.5 we can see that ψˆ(t/2)−1 ◦ (α⊗ idA⊗K) ◦ ψˆ(t/2), t ∈ [0, 1], is a
homotopy from α to ψ−1 ◦ (α⊗ idA⊗K) ◦ψ with respect to the point-norm topology on End(A⊗K)
proving that idA⊗K is a right unit. The analogous argument for ψˆ((t + 1)/2)
−1 ◦ (idA⊗K ⊗ α) ◦
ψˆ((t+ 1)/2) shows that idA⊗K is also a left unit.
If ψ is chosen arbitrarily, we have ψ = ψˆ(12 ) ◦ κ for some κ ∈ Aut(A ⊗ K). We denote the
corresponding operations by ∗ψ and ∗ψˆ and have
[α] ∗ψ [β] = [κ
−1 ◦ ψˆ−1(12 ) ◦ (α⊗ β) ◦ ψˆ(
1
2) ◦ κ] = [κ
−1] ◦ ([α] ∗ψˆ [β]) ◦ [κ] = [α] ∗ψˆ [β]
by the homotopy commutativity of ◦. This proves the independence of ∗ from the choice of the
isomorphism ψ. 
We denote by ≈u the relation of approximate unitary equivalence for ∗-homomorphisms.
Lemma 2.14. Let A be a strongly self-absorbing C*-algebra. If p ∈ A⊗K is a nonzero projection,
the following conditions are equivalent:
(i) p(A⊗K)p ∼= A
(ii) There is α ∈ Aut(A⊗K) such that α(1 ⊗ e) = p.
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(iii) [p] ∈ K0(A)
×
+
We denote by Pr(A⊗K)× the set of all projections satisfying these equivalent conditions.
Proof. (i) ⇔ (ii) This follows from Corollary 2.11.
(ii) ⇒ (iii) As an immediate consequence of Lemma 2.13 one verifies that the map Θ :
π0(End(A ⊗ K)) → K0(A), Θ[α] = [α(1 ⊗ e)] is multiplicative, i.e. Θ[α ◦ β] = Θ[α]Θ[β]. Let
q := α−1(1⊗ e). Then [p][q] = Θ[α ◦ α−1] = Θ[id] = [1].
(iii) ⇒ (i) By assumption there is a full projection q ∈ A⊗K such that [p][q] = [1] in K0(A).
By Lemma 2.10 there are ϕ,ψ ∈ End(A ⊗ K) such that ϕ(1 ⊗ e) = p and ψ(1 ⊗ e) = q. Since
[p][q] = [1] in K0(A), it follows that [ϕ ◦ ψ] = [ψ ◦ ϕ] = [idA⊗K] ∈ [A ⊗ K, A ⊗ K]. Therefore
ϕ ◦ ψ ≈u idA⊗K ≈u ψ ◦ ϕ by Proposition 2.12. By [41, Cor.2.3.4] it follows that there is an
automorphism ϕ0 ∈ Aut(A ⊗ K) such that ϕ0 ≈u ϕ. Set p0 = ϕ0(1A ⊗ e). The map ϕ0 induces a
∗-isomorphism A ∼= (1A ⊗ e)(A ⊗ K)(1A ⊗ e) → p0(A ⊗ K)p0. We conclude that A ∼= p(A ⊗ K)p
since p0 is unitarily equivalent to p. 
If A is a separable unital C*-algebra, Brown, Green and Rieffel [11] showed that the Picard
group Pic(A) is isomorphic to the outer automorphism group of A⊗K, i.e. Pic(A) ∼= Out(A⊗K) =
Aut(A⊗K)/Inn(A⊗K). One can view Out(A) as a subgroup of Pic(A). Kodaka [29] has shown that
the coset space Pic(A)/Out(A) is in bijection with the Murray-von Neumann equivalence classes
of full projections p ∈ A⊗K such that p(A⊗K)p ∼= A. From Lemmas 2.13 and 2.14 we see that if
A is strongly self-absorbing, then Out(A) is a normal subgroup of Pic(A) and we have:
Corollary 2.15. If A is strongly self-absorbing, then there is an exact sequence of groups
1→ Out(A)→ Pic(A)→ K0(A)
×
+ → 1.
If moreover A is stably finite, then its normalized trace induces a homomorphism of multi-
plicative groups from K0(A)
×
+ onto the fundamental group F(A) of A defined in [38].
Lemma 2.16. Let A be a strongly self-absorbing C*-algebra. The sequences Aut1⊗e(A ⊗ K) →
Aut(A ⊗ K) → Pr(A ⊗ K)× and End1⊗e(A ⊗ K) → End(A ⊗ K) → Pr(A ⊗ K)
× where the first
map is the inclusion and the second sends α to α(1 ⊗ e) is a locally trivial fiber bundle over a
paracompact base space and therefore it is a Hurewicz fibration.
Proof. Lemma 2.14 shows that the map to the base space is surjective. With this remark, the proof
is entirely similar the proof of Lemma 2.8. 
Corollary 2.17. Let A be a strongly self-absorbing C∗-algebra. Then Aut(A⊗K) ≃ End(A⊗K)×
has the homotopy type of a CW complex, which is homotopy equivalent to K0(A)
×
+ ×BU(A).
Proof. The equivalence Aut(A ⊗ K) ≃ End(A ⊗ K)× follows from lemma 2.16 and Theorem 2.5.
Moreover, Aut(A⊗K) is the coproduct of its path components, all of which are homeomorphic to
Aut0(A⊗K). By Theorem 2.5 and Lemma 2.8, Aut0(A⊗K) is homotopy equivalent to Pr0(A⊗K).
By Lemma 2.14, π0(Pr(A⊗K)
×) ∼= K0(A)
×
+. Thus, using Corollary 2.9 we have
Aut(A⊗K) ≃ π0(Pr(A ⊗K)
×)× Pr0(A⊗K) ≃ K0(A)
×
+ ×BU(A). 
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In the case A = C this reproves the well-known fact that Aut(K) ≃ BU(1) ≃ K(Z, 2) and hence
the only non vanishing homotopy group of Aut(K) is π2(Aut(K)) ∼= π2(BU(1)) ∼= π1(U(1)) ∼= Z.
At the same time, for A 6= C, we obtain the following.
Theorem 2.18. Let A 6= C be a strongly self-absorbing C*-algebra. Then there are isomorphisms
of groups
πi(Aut(A⊗K)) =
{
K0(A)
×
+ if i = 0
Ki(A) if i ≥ 1 .
Proof. We have seen in the proof of Corollary 2.17 that π0(Aut(A⊗K)) ∼= K0(A)
×
+. If i ≥ 1, then
by Corollary 2.17, πi(Aut(A ⊗ K)) ∼= πi(BU(A)) ∼= πi−1(U(A)). On the other hand, since A is
Z-stable, we have that πi−1(U(A)) ∼= Ki(A) by [28, Thm.3]. 
Corollary 2.19. Let A be a strongly self-absorbing C∗-algebra. There is an exact sequence of
topological groups 1→ Aut0(A⊗K)→ Aut(A⊗K)→ K0(A)
×
+ → 1.
Remark 2.20. The exact sequence 1→ Aut0(O∞⊗K)→ Aut(O∞⊗K)→ Z/2→ 1 is split, since
by [6] there is an order-two automorphism α of O∞ ⊗K such that α∗ = −1 on K0(O∞).
Corollary 2.21. Let A 6= C be a strongly self-absorbing C∗-algebra. The natural map
Aut0(A⊗K)→ Aut0(O∞ ⊗A⊗K) is a homotopy equivalence.
Proof. Aut0(A ⊗ K) → Aut0(O∞ ⊗ A ⊗ K) is given by α 7→ idO∞ ⊗ α. Both spaces have the
homotopy type of a CW-complex by Corollary 2.9 and they are weakly homotopy equivalent by
Thm. 2.18. 
Theorem 2.22. Let A 6= C be a strongly self-absorbing C∗-algebra and let X be a compact metriz-
able space. The map Θ: [X,End(A ⊗ K)] → K0(C(X) ⊗ A)+ given by Θ([α]) = [α(1 ⊗ e)] is an
isomorphism of commutative semirings. Θ restricts to a group isomorphism [X,Aut(A ⊗ K)] →
K0(C(X)⊗A)
×
+. If X is connected, then K0(C(X)⊗A)
×
+
∼= K0(A)
×
+ ⊕K0(C0(X \ x0)⊗A). If A
is purely infinite, then K0(C(X)⊗A)+ = K0(C(X)⊗A) and Θ is an isomorphism of rings.
Proof. Let ψ : A⊗K→ (A⊗K)⊗2 and l be as in Lemma 2.13. The additivity of Θ is easily verified.
Let α, β ∈ C(X,End(A⊗K)), then by Lemma 2.13:
[(α ◦ β)(1 ⊗ e)] = [(α ∗ β)(1⊗ e)] = [ψ−1 ◦ (α⊗ β) ◦ ψ(1⊗ e)]
= [ψ−1(α(1 ⊗ e)⊗ β(1⊗ e))] = [α(1 ⊗ e)] · [β(1 ⊗ e)] ,
which shows that Θ: [X,End(A ⊗ K)] → K0(C(X) ⊗ A)+ is a homomorphism of semirings. Let
p ∈ C(X) ⊗A⊗K be a full projection. Then, p(C(X) ⊗A⊗K)p is A-absorbing by [52, Cor.3.1].
It follows that Θ is surjective by Lemma 2.10. For injectivity we apply Proposition 2.12(i).
Next we show that the image of the restriction of Θ to [X,Aut(A ⊗ K)] coincides with
K0(C(X)⊗K)
×
+. Let p ∈ Pr(C(X)⊗A⊗K)
×. By assumption, there is q ∈ Pr(C(X)⊗A⊗K)× such
that [p][q] = 1 in the ringK0(C(X)⊗A). By Lemma 2.10 there are ϕ,ψ ∈ Hom(A⊗K, C(X)⊗A⊗K)
such that ϕ(1 ⊗ e) = p and ψ(1 ⊗ e) = q. Let ϕ˜, ψ˜ ∈ EndC(X)(C(X) ⊗ A ⊗ K) be the unique
C(X)-linear extensions of ϕ and ψ. Note that if ι : A ⊗ K → C(X) ⊗ A ⊗ K is the inclu-
sion ι(a) = 1C(X) ⊗ a, then ι˜ = idC(X)⊗A⊗K. Since [p][q] = [1] in K0(C(X) ⊗ A), it follows
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that [ϕ˜ ◦ ψ] = [ψ˜ ◦ ϕ] = [ι] ∈ [A ⊗ K, C(X) ⊗ A ⊗ K]. By Proposition 2.12(ii) it follows that
ϕ˜ ◦ ψ ≈u ι ≈u ψ˜ ◦ ϕ. This clearly implies that ϕ˜ ◦ ψ˜ ≈u idC(X)⊗A⊗K ≈u ψ˜ ◦ ϕ˜. By [41, Cor.2.3.4] it
follows that there is an automorphism α ∈ AutC(X)(C(X)⊗A⊗K) such that α ≈u ϕ˜. In particular
we have that [α(1 ⊗ e)] = [ϕ˜(1⊗ e)] = [p].
It remains to verify the isomorphism K0(C(X) ⊗ A)
×
+
∼= K0(A)
×
+ ⊕ K0(C0(X \ x0) ⊗ A).
Evaluation at x0 induces a split exact sequence 0 → K0(C0(X \ x0) ⊗ A) → K0(C(X) ⊗ A) →
K0(A)→ 0. Arguing as in the proof of [14, Prop.5.6], one verifies that K0(C0(X \x0)⊗A) is a nil-
ideal of the ring K0(C(X)⊗A). Thus an element σ ∈ K0(C(X)⊗A) is invertible if and only if its
restriction σx0 ∈ K0(A) is invertible. ConsequentlyK0(C(X)⊗A)
× ∼= K0(A)
×⊕K0(C0(X\x0)⊗A).
It remains to verify that an element σ ∈ K0(C(X)⊗A) is positive if σx0 ∈ K0(A)+\{0}. It suffices to
consider the case when A is stably finite. Let τ denote the unique trace state of A. Its extension to a
trace state on A⊗Mn(C) is denoted again by τ . Then any continuous trace η on C(X)⊗A⊗Mn(C)
is of the form η(f) =
∫
X τ(f)dµ for some finite Borel measure µ on X. Write σ = [p] − [q] where
p, q ∈ Pr(C(X) ⊗ A ⊗Mn(C)) are full projections. Let r be a nonzero projection in A ⊗Mn(C)
such that [p(x0)]− [q(x0)] = [r]. Since X is connected it follows that [p(x)] − [q(x)] = [r] ∈ K0(A)
for all x ∈ X. From this we see that any point x ∈ X has a closed neighborhood V such that
[pV ] − [qV ] = [r] ∈ K0(C(V ) ⊗ A). Since τ(r) > 0 it follows immediately that η(p) > η(q) for all
nonzero finite traces η on A ⊗Mn(C). We apply Corollaries 4.9 and 4.10 of [42] to conclude that
[p]− [q] ∈ K0(C(X) ⊗A)+. 
Corollary 2.23. Let X be a compact connected metrizable space. Then there are isomorphism of
multiplicative groups
[X,Aut(Z ⊗K)] ∼= K0(X)×+ = 1 + K˜
0(X),
[X,Aut(O∞ ⊗K)] ∼= K
0(X)× = ±1 + K˜0(X).
2.5. The topological group Aut(A⊗K) is well-pointed. Since we would like to apply the nerve
construction to obtain classifying spaces of the topological monoids Aut(A⊗K) and End(A⊗K)×,
we will need to show that Aut(A⊗K) is well-pointed. This notion is defined as follows:
Definition 2.24. Let X be a topological space, A ⊂ X a closed subspace. The pair (X,A) is called
a neighborhood deformation retract (or NDR-pair for short) if there is a map u : X → I = [0, 1] such
that u−1(0) = A and a homotopy H : X × I → X such that H(x, 0) = x for all x ∈ X, H(a, t) = a
for a ∈ A and t ∈ I and H(x, 1) ∈ A if u(x) < 1. A pointed topological space X with basepoint
x0 ∈ X is said to have a non-degenerate basepoint or to be well-pointed if the pair (X,x0) is an
NDR-pair.
Recall that a neighborhood V of x0 deformation retracts to x0 if there is a continuous map
h : V × I → V such that h(x, 0) = x, h(x0, t) = x0 and h(x, 1) = x0 for all x ∈ V and t ∈ I. The
following lemma is contained in [49, Thm.2].
Lemma 2.25. Let (X,x0) be a pointed topological space together with a continuous map v : X → I
such that x0 = v
−1(0) and V = {x ∈ X : v(x) < 1} deformation retracts to x0. Then (X,x0) is an
NDR-pair.
Proposition 2.26. Let A be a strongly self-absorbing C∗-algebra. Then the topological monoids
Aut(A⊗K) and End(A⊗K)× are well-pointed.
14 MARIUS DADARLAT AND ULRICH PENNIG
Proof. We will prove this for Aut(A ⊗ K), but the proof for End(A ⊗ K)× is entirely similar. Let
e ∈ K be a rank-1 projection and set p0 = 1 ⊗ e. Let U = {p ∈ Pr(A ⊗ K) | ‖p − p0‖ < 1/2}. If
π : Aut0(A⊗K)→ Pr0(A⊗K) denotes the map β 7→ β(p0), we will show that π
−1(U) deformation
retracts to idA⊗K ∈ Aut0(A ⊗ K). As we have seen in the proof of Lemma 2.8, the principal
bundle Aut0(A⊗K)→ Pr0(A⊗K) trivializes over U , i.e. there exists a homeomorphism π
−1(U)→
U × Autp0(A ⊗ K) sending idA⊗K to (p0, idA⊗K). Thus, it suffices to show that the right hand
side retracts. Let χ be the characteristic function of (1/2, 1]. Then h(p, t) = χ((1 − t)p + tp0)
is a deformation retraction of U into p0. This is well-defined since 1/2 is not in the spectrum
of a = (1 − t)p + tp0 as seen from the estimate ‖(1 − 2a) − (1 − 2p0)‖ < 1. We have shown in
Theorem 2.5 that Autp0(A ⊗ K) deformation retracts to idA⊗K. Combining these homotopies we
end up with a deformation retraction of π−1(U) into idA⊗K. Let d be a metric for Aut(A ⊗ K).
Then v : Aut(A ⊗ K) → [0, 1], v(α) = max{min{d(α, idA⊗K), 1/2},min{1, 2‖α(p0) − p0‖}} and
V := π−1(U) satisfy the conditions of Lemma 2.25 relative to the basepoint idA⊗K. 
3. The infinite loop space structure of BAut(A⊗K)
3.1. Permutative categories and infinite loop spaces. We will show that BAut(A⊗K) is an
infinite loop space in the sense of the following definition [1].
Definition 3.1. A topological space E = E0 is called an infinite loop space, if there exists a sequence
of spaces Ei, i ∈ N, such that Ei ≃ ΩEi+1 for all i ∈ N0 (≃ denotes homotopy equivalence).
The importance of these spaces lies in the fact, that they represent generalized cohomology
theories, i.e. for a CW-complex X, the homotopy classes of maps Ei(X) := [X,Ei] are abelian
groups and the functor X 7→ E•(X) is a cohomology theory. There may be many inequivalent
delooping sequences starting with the same E0 leading to different theories. The sequence of spaces
Ei forms a connective Ω-spectrum. There is a well-developed theory to detect whether a space
belongs to this class [32, 47]. One of the main sources for infinite loop spaces are classifying spaces
of topological strict symmetric monoidal categories, called permutative categories in [34].
A topological category has a space of objects, a space of morphisms and continuous source,
target and identity maps. Such a category C carries a strict monoidal structure if it comes equipped
with a functor ⊗ : C × C → C that satisfies the analogues of associativity and unitality known for
monoids. The strictness refers to the fact that these hold on the nose, not only up to natural
transformations. C is called symmetric if it comes equipped with a natural transformation c : ⊗◦τ →
⊗, where τ : C × C → C × C is switching the factors. This should behave like a permutation on
n-fold tensor products. We will assume all permutative categories to be well-pointed in the sense
that the map obj(C) → mor(C), x → idx is a cofibration. For a precise definition, we refer the
reader to [34, Def.1]. Note further that all categories we consider in this paper will be small.
Any topological category C can be turned into a simplicial spaceN•C via the nerve construction.
Let N0 C = obj(C), N1C = mor(C) and
Nk C = {(f1, . . . , fk) ∈ mor(C)× · · · ×mor(C) | s(fi) = t(fi+1)} .
The face maps dki : Nk C → Nk−1 C and degeneracies s
k
i : Nk C → Nk+1 C are induced by composition
of successive maps and insertion of identities respectively. The geometric realization of a simplicial
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space X• is defined by
|X•| =
(∐
k=0
Xk ×∆k
)
/ ∼
where ∆k ⊂ R
k+1 denotes the standard k-simplex and the equivalence relation is generated by
(dki x, u) ∼ (x, ∂
k−1
i u) and (s
l
iy, v) ∼ (y, σ
l+1
i v) for x ∈ Xk, u ∈ ∆k−1, y ∈ Xl, v ∈ Xl+1, where
δi and σi are the coface and codegeneracy maps on the standard simplex. For details about this
construction we refer the reader to [32, sec.11].
The space |N•C| associated to a category C is called the classifying space of C. If C is the
category associated to a monoid M , then we denote |N•C| by BM . Having a monoidal structure
on C yields the following.
Lemma 3.2. Let C be a strict monoidal topological category. Then |N•C| is a topological monoid.
Proof. The nerve construction N• preserves products in the sense that the projection functors
πi : C × C → C induce a levelwise homeomorphism N•(C × C) → N•C × N•C. Therefore N•C is a
simplicial topological monoid and the lemma follows from [32, Cor.11.7]. 
A permutative category C provides an input for infinite loop space machines [34, Def.2]. Due
to the above lemma, there is a classifying space B|N•C|. The following has been proven by Segal
[47] and May [33, Thm.4.10]
Theorem 3.3. Let C be a permutative category. Then ΩB|N•C| is an infinite loop space. Moreover,
if π0(|N•C|) is a group, then the map |N•C| → ΩB|N•C| induced by the inclusion of the 1-skeleton
S1 × |N•C| → B|N•C| is a homotopy equivalence of H-spaces.
3.2. The tensor product of A ⊗ K-bundles. Let A be a strongly self-absorbing C∗-algebra,
X be a topological space and let P1 and P2 be principal Aut(A ⊗ K)-bundles over X. Fix an
isomorphism ψ : A ⊗ K → (A ⊗ K) ⊗ (A ⊗ K). This choice induces a tensor product operation
on principal Aut(A ⊗ K)-bundles in the following way. Note that P1 ×X P2 → X is a principal
Aut(A⊗K)×Aut(A⊗K)-bundle and ψ induces a group homomorphism
Adψ−1 : Aut(A⊗K)×Aut(A⊗K)→ Aut(A⊗K) ; (α, β) 7→ ψ
−1 ◦ (α⊗ β) ◦ ψ .
Now let
P1 ⊗ψ P2 := (P1 ×X P2)×Ad
ψ−1
Aut(A⊗K) = ((P1 ×X P2)×Aut(A⊗K))/ ∼
where the equivalence relation is (p1 α, p2 β, γ) ∼ (p1, p2,Adψ−1(α, β) γ) for all (p1, p2) ∈ P1 ×X P2
and α, β, γ ∈ Aut(A⊗K). This is a delooped version of the operation ∗ from Lemma 2.13.
Due to the choice of ψ, which was arbitrary, ⊗ψ can not be associative. We will show, however,
that – just like ∗ – it is homotopy associative and also homotopy unital.
To obtain a model for the classifying space BAut(A ⊗ K), let B be the topological category,
which has as its object space just a single point and the group Aut(A ⊗ K) as its morphism
space. Since we have shown that Aut(A ⊗ K) is well-pointed (see Proposition 2.26), [35, Prop.7.5
and Thm.8.2] implies that the geometric realization |N•B| has in fact the homotopy type of a
classifying space for principal Aut(A⊗K)-bundles, i.e.
BAut(A⊗K) = |NB•| .
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Choosing an isomorphism ψ : A⊗K→ (A⊗K)⊗ (A⊗K), we can define a functor ⊗ψ : B×B → B
just as above, which acts on morphisms α, β ∈ Aut(A⊗K) by
(α, β) 7→ α⊗ψ β := Adψ−1(α, β) .
This is in fact functorial since composition is well-behaved with respect to the tensor product in
the following way
(α ◦ α′)⊗ψ (β ◦ β
′) = ψ−1 ◦ (α ◦ α′)⊗ (β ◦ β′) ◦ ψ
= ψ−1 ◦ (α⊗ β) ◦ ψ ◦ ψ−1 ◦ (α′ ⊗ β′) ◦ ψ = (α ⊗ψ β) ◦ (α
′ ⊗ψ β
′) .
The functor induces a multiplication map on the geometric realization
µψ : BAut(A⊗K)×BAut(A⊗K)→ BAut(A⊗K) .
Observe that a path connecting two isomorphisms ψ,ψ′ ∈ Iso(Aut(A⊗K),Aut(A⊗K)⊗2) induces
a homotopy of functors B × B × I → B, where I here is the category, which has [0, 1] as its object
space and only identities as morphisms. After geometric realization this in turn yields a homotopy
between µψ and µψ′ (observe that |I| ∼= [0, 1]).
Lemma 3.4. Let A be a strongly self-absorbing C∗-algebra and let B be the category defined above.
Let ψ : A⊗K → (A⊗ K)⊗ (A⊗ K) be an isomorphism, then µψ defines an H-space structure on
BAut(A ⊗ K), which has the basepoint of BAut(A ⊗ K) as a homotopy unit and agrees with the
H-space structure induced by the tensor product ⊗ψ of A⊗K-bundles. Different choices of ψ yield
homotopy equivalent H-space structures.
Proof. The proof of this statement is very similar to the one of Lemma 2.13, but we have to
take care that the homotopies we use run through functors on B. Let ψˆ, lˆ and rˆ be just as in
Theorem 2.5 and consider ψ = ψˆ(12 ) first. By Theorem 2.5, there is a path between (ψ⊗ idA⊗K)◦ψ
and (idA⊗K⊗ψ)◦ψ, since both these morphisms map 1⊗e to (1⊗e)
⊗3. This proves the homotopy
associativity in this case.
To prove that the basepoint provides a homotopy unit we have to show that the two functors
α 7→ α⊗ψ idA⊗K and α 7→ idA⊗K ⊗ψ α are both homotopic to the identity functor. The argument
for this is the same as in the proof of Lemma 2.13.
Now let ψ : A⊗K→ (A⊗K)⊗ (A⊗K) be an arbitrary isomorphism. As in Lemma 2.13 we
have ψ = ψˆ ◦ κ for some automorphism κ ∈ Aut(A ⊗ K). If we denote homotopic functors by ∼,
we have
α⊗ψ β = κ
−1 ◦ (α⊗ψˆ β) ◦ κ ∼ (κ⊗ψˆ idA⊗K)
−1 ◦ (idA⊗K ⊗ψˆ (α⊗ψˆ β)) ◦ (κ⊗ψˆ idA⊗K)
= idA⊗K ⊗ψˆ (α ⊗ψˆ β) ∼ (α⊗ψˆ β) .
Note that every stage of this homotopy provides functors B × B → B. Geometrically realizing this
homotopy we see that different choices of ψ yield the same H-space structure up to homotopy.
Let EG → BG be the universal G-bundle where G = Aut(A ⊗ K) [35, section 7]. Using
its simplicial description, we see that µ∗ψEG
∼= π∗1EG ⊗ψ π
∗
2EG, where πi : BG × BG → BG are
the canonical projections. Now, given two classifying maps fk : X → BG and the diagonal map
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∆: BG→ BG×BG, we have
(µψ ◦ (f1, f2) ◦∆)
∗EG = ∆∗ ◦ (f∗1 , f
∗
2 ) ◦ µ
∗
ψEG = f
∗
1EG⊗ψ f
∗
2EG
proving that the multiplication induced by the H-space structure on [X,BAut(A⊗K)] agrees with
the tensor product ⊗ψ. 
Definition 3.5. For a strongly self-absorbing C∗-algebra A we define (BunX(A⊗K),⊗) to be the
monoid of isomorphism classes of principal Aut(A⊗K)-bundles with respect to the tensor product
induced by ⊗ψ. By the above lemma, this is independent of the choice of ψ.
To apply the infinite loop space machine, we need a permutative category encoding the oper-
ation ⊗ψ. Let B⊗ be the category, which has N0 = {0, 1, 2, . . . } as its object space (where n ∈ N0
should be thought of as (A ⊗ K)⊗n with (A ⊗ K)⊗0 = C). The morphisms from n to m are
given by homB⊗(n,m) = {α ∈ Hom((A⊗K)
⊗n, (A⊗K)⊗m) | KK(α) invertible} for n ≥ 1 and
homB⊗(0,m) = {α ∈ Hom(C, (A⊗K)
⊗m) | [α(1)] ∈ K0((A⊗K)
⊗m)×} for n = 0. We equip these
spaces with the point-norm topology. The ordinary tensor product of ∗-homomorphisms induces a
strict monoidal structure ⊗ : B⊗×B⊗ → B⊗, where n⊗m = n+m. Likewise, we have a symmetry
cn,m on B⊗, where cn,m ∈ Aut((A ⊗ K)
⊗(n+m)) is the automorphism (A ⊗ K)⊗n ⊗ (A ⊗ K)⊗m →
(A⊗K)⊗m⊗(A⊗K)⊗n switching the two factors. With these definitions B⊗ becomes a permutative
category. Define
BEnd(A⊗K)×⊗ := |N•B⊗| .
Lemma 3.6. The inclusion functor J : B → B⊗ induces a homotopy equivalence of the corre-
sponding classifying spaces BAut(A⊗K)→ BEnd(A⊗K)×⊗. Given an isomorphism ψ : A⊗K→
(A⊗K)⊗2, the diagram
(2) B × B
⊗ψ
//
J×J

B
J

B⊗ × B⊗
⊗
// B⊗
commutes up to a natural transformation. In particular, the H-space structure of BAut(A ⊗ K)
agrees with the one on BEnd(A⊗K)×⊗ up to homotopy.
Proof. To prove the first statement we will construct auxiliary categories E , H and B1⊗ together
with inclusion functors B → E → H → B1⊗ → B⊗ that give a factorization of J . We then show
that each of these functors induces a homotopy equivalence on classifying spaces. We will use the
following two facts.
(a) Given two topological categories C and D together with continuous functors F : C → D,
G : D → C and natural transformations F ◦G⇒ idD, G◦F ⇒ idC , it follows that F and G induce a
homotopy equivalence of the corresponding classifying spaces. This is a corollary of [46, Prop.2.1].
(b) Consider two good simplicial spaces X• and Y• (“good” refers to [47, Definition A.4])
together with a simplicial map f• : X• → Y•. If fn : Xn → Yn is a homotopy equivalence for each
n ∈ N0, then |f•| : |X•| → |Y•| is also a homotopy equivalence. This is proven in [47, Proposition
A.1 (ii) and (iv)]. Note in particular, that the nerve N•C of a topological category C is good, if the
18 MARIUS DADARLAT AND ULRICH PENNIG
map obj(C)→ mor(C), which sends an object to the identity on it, is a cofibration. This holds for
all categories in this proof by Proposition 2.26.
The object space of E consists of a single point and its morphism space is End(A ⊗ K)×.
From Lemma 2.16 and Theorem 2.5 we obtain that Aut(A ⊗ K) → End(A ⊗ K)× is a homotopy
equivalence. Thus each component NkB → NkE of the simplicial map N•B → N•E induced by the
inclusion functor B → E is a homotopy equivalence of spaces. This yields a homotopy equivalence
|N•B| → |N•E| by (b) above.
The category B1⊗ is the full subcategory of B⊗ containing the objects 0 and 1. To see that
the inclusion functor ι : B1⊗ → B⊗ is an equivalence of categories, we argue as follows: Define an
inverse functor τ : B⊗ → B
1
⊗ for ι, such that τ(m) = min{m, 1} on objects. Let ψ0 = idC and fix
isomorphisms ψk : A⊗K→ (A⊗K)
⊗k for k ∈ N with ψ1 = idA⊗K. Define τ(β) = ψ
−1
ℓ ◦ β ◦ ψk for
β ∈ homB⊗(k, ℓ). We have τ ◦ ι = idB1
⊗
and the ψk yield a natural transformation ι ◦ τ ⇒ idB⊗ .
Thus, the map |N•B
1
⊗| → |N•B⊗| induced by ι is a homotopy equivalence by (a).
Let H be the topological category with object space {0, 1} and morphism spaces homH(0, 0) =
{idA⊗K}, homH(0, 1) = homH(1, 1) = End(A⊗K)
× and hom(1, 0) = ∅. The composition is induced
by the composition in End(A⊗K)×. Note that there is a restriction functor H → B1⊗, which takes
β ∈ homH(0, 1) = End(A ⊗ K)
× to β˜ ∈ homB1
⊗
(0, 1) = homB⊗(0, 1), where β˜(λ) = λβ(1 ⊗ e) for
λ ∈ C. It maps the spaces homH(0, 0) and homH(1, 1) identically onto homB1
⊗
(0, 0) and homB1
⊗
(1, 1)
respectively. By Lemma 2.16 and Theorem 2.5 the restriction map End(A ⊗ K)× → Hom(C, A ⊗
K)× ∼= Pr(A ⊗ K)× is a homotopy equivalence. Therefore the simplicial map NkH → NkB
1
⊗ is a
homotopy equivalence for each k, and hence |N•H| → |N•B
1
⊗| is a homotopy equivalence by (b).
Let ιE : E → H be the inclusion functor. Let τE : H → E be the functor, which maps the two
objects of H to the one of E and which embeds the spaces homH(0, 0), homH(0, 1) and homH(1, 1)
into End(A ⊗ K)× in a canonical way. We have τE ◦ ιE = idE . There is a natural transformation
κ : idH ⇒ ιE ◦ τE with κ1 = idA⊗K ∈ homH(1, 1) and κ0 = idA⊗K ∈ homH(0, 1). It follows that
ιE also induces an equivalence on classifying spaces by (a). This concludes the proof of the first
statement.
Let β1, β2 be morphisms in B, then (J ◦ ⊗ψ)(β1, β2) = β1 ⊗ψ β2 = ψ
−1 ◦ (β1 ⊗ β2) ◦ ψ ∈
homB⊗(1, 1), whereas ⊗◦ (J × J)(β1, β2) = β1 ⊗ β2 ∈ homB⊗(2, 2) and ψ ∈ homB⊗(1, 2) provides a
natural transformation J ◦ ⊗ψ ⇒ ⊗ ◦ (J × J). Thus these two functors induce homotopic maps of
classifying spaces by [46, Prop.2.1]. This completes the proof. 
Corollary 3.7. The space BAut(A⊗K) inherits an infinite loop space structure via the homotopy
equivalence BAut(A ⊗ K) → BEnd(A ⊗ K)×⊗ in such a way that the induced H-space structure of
BAut(A⊗K) agrees with the one given by µψ.
Proof. By Theorem 3.3, BEnd(A ⊗ K)×⊗ is an infinite loop space with H-space structure induced
by the tensor product of B⊗. By Lemma 3.6, BAut(A ⊗ K) → BEnd(A ⊗ K)
×
⊗ is a homotopy
equivalence and a map of H-spaces. 
Theorem 3.8. Let A be a strongly self-absorbing C*-algebra.
(a) The monoid (BunX(A⊗K),⊗) of isomorphism classes of principal Aut(A⊗K)-bundles is an
abelian group.
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(b) BAut(A⊗K) is the first space in a spectrum defining a cohomology theory E•A with E
0
A(X) =
[X,Aut(A⊗K)] and E1A(X) = BunX(A⊗K).
(c) If X is a compact metrizable space and A 6= C, then E0A(X)
∼= K0(C(X)⊗A)
×
+.
Proof. By Corollary 3.7 the space BAut(A ⊗ K) is an infinite loop space with H-space structure
given by with ⊗ψ, which implies the first part. As described above, an infinite loop space yields a
spectrum and therefore a cohomology theory via iterated delooping. If we consider BAut(A ⊗ K)
as the first space of the spectrum, we obtain the 0th one by forming the loop space. But this is
ΩBAut(A⊗K) ≃ Aut(A⊗K) ,
which proves the second statement. The last statement follows from Theorem 2.22. 
Corollary 3.9. For any strongly self-absorbing C*-algebra A the space BAut0(A⊗K) is an infinite
loop space with respect to its natural tensor product operation. The corresponding cohomology theory
is denoted by E¯∗A(X).
Proof. The proof is entirely similar to the proof of Theorem 3.8, except that we replace the category
B by the topological category B0 which has as its object space just a single point and the group
Aut0(A ⊗ K) as its morphism space. Likewise we replace the category B⊗ by the category B
0
⊗
defined as follows. The object space of B0⊗ is N0. The morphisms hom(n,m) are given by those
maps α in hom((A ⊗ K)⊗n, (A ⊗ K)⊗m) with the property that [α((1 ⊗ e)⊗n)] = [(1 ⊗ e)⊗m] in
K0((A ⊗ K)
⊗m). The proof of lemma 3.6 still works with the following modifications: There are
straightforward replacements E0,
(
B1⊗
)0
and H0 of the categories E , B1⊗ and H by taking those
endomorphisms that preserve the K-theory class of 1⊗ e. The isomorphisms ψk used in the proof
can be chosen such that ψk(1 ⊗ e) = (1 ⊗ e)
⊗k. The restriction functor H0 →
(
B1⊗
)0
still induces
an equivalence by lemma 2.8 and theorem 2.5. 
Remark 3.10. We have seen that the classifying space BAut(A ⊗ K) has the homotopy type of
a CW complex. Since its homotopy groups are countable, it follows that this space is homotopy
equivalent to a locally finite simplicial complex and hence to an absolute neighborhood extensor,
see [31, Thm.6.1, p.137]. It follows that E1A(X) is a continuous functor in the sense that if X
is the projective limit of projective system (Xn)n of compact metrizable spaces, then E
1
A(X)
∼=
lim
−→
E1A(Xn), see [23, Thm.11.9, p.287]. Since any compact metrizable space X is the projective
limit of a system of finite polyhedra (Xn)n by [23], one can approach the computation of E
1
A(X)
by first computing E1A(Xn) using the Atiyah-Hirzebruch spectral sequence.
4. A generalized Dixmier-Douady theory
Recall from [20, 10.4] that if B = ((B(x))x∈X ,Θ) is a continuous field of C*-algebras over a
locally compact space X, the C*-algebra B associated to B consists of all elements θ of Θ such
that the function x 7→ ‖θ(x)‖ vanishes at infinity. As it has become customary in the literature,
the C*-algebra B will be also referred to as a continuous field of C*-algebras. Note that B = Θ if
X is compact.
Definition 4.1. Let B be a continuous field of C*-algebras over a locally compact metrizable
space X whose fibers are stably isomorphic to strongly self-absorbing C*-algebras, which are not
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necessarily mutually isomorphic. We say that B satisfies the Fell condition if for each point x ∈ X,
there is a closed neighborhood V of x and a projection p ∈ B(V ) such that [p(v)] ∈ K0(B(v))
× for
all v ∈ V . If one can choose V = X, then we say that B satisfies the global Fell condition.
Theorem 4.2. Let A be a strongly self-absorbing C*-algebra. Let X be a locally compact space
of finite covering dimension and let B be a separable continuous field of C*-algebras over X with
all fibers abstractly isomorphic to A ⊗ K. Then B is locally trivial if and only if it satisfies Fell’s
condition. If X is compact, then B is trivial if and only if B satisfies the global Fell condition.
Proof. Suppose that there is a projection p ∈ B(V ) such that [p(v)] ∈ K0(B(v))
× for all v in a
compact subset V of X. We will show that B(V ) ∼= C(V ) ⊗ A ⊗ K. First we observe that by
Lemma 2.14 it follows that p(v)B(v)p(v) ∼= A, since B(v) ∼= A ⊗K. Therefore pB(V )p is a unital
continuous field over a finite dimensional space with fibers isomorphic to A and hence pB(V )p ∼=
C(V ) ⊗ A by [17]. Second, since p is a full projection, we have that pB(V )p ⊗ K ∼= B(V ) ⊗ K as
C(V )-algebras by [10]. Third, B(V ) ⊗ K ∼= B(V ) by [26] since V is finite dimensional and each
fiber of B is stable. Putting these facts together we obtain the desired conclusion:
B(V ) ∼= B(V )⊗K ∼= pB(V )p ⊗K ∼= C(V )⊗A⊗K. 
Corollary 4.3. Let X be a locally compact space of finite covering dimension. Any separable
continuous field of C*-algebras over X with all fibers abstractly isomorphic to MQ ⊗ K is locally
trivial.
Proof. Let B be a continuous field as in the statement. In view of Theorem 4.2 it suffices to show
that B satisfies the Fell condition. Fix x ∈ X and let p0 ∈ B(x) ∼=MQ⊗K be a non-zero projection.
Since C is semiprojective, we can lift p0 to a projection in A(V ) for some closed neighborhood V
of x. Since A is a continuous field, the map v 7→ ‖p(v)‖ is continuous. Thus by shrinking V we can
arrange that p(v) 6= 0 for all v ∈ V , since ‖p(x)‖ = ‖p0‖ = 1. Since B(v) ∼=MQ ⊗K it follows that
[p(v)] ∈ K0(MQ) \ {0} ∼= Q
× ∼= K0(MQ)
×. 
Having obtained an efficient criterion for local triviality, we now turn to the question of clas-
sifying locally trivial continuous fields of C*-algebras by cohomological invariants. Let X be a
finite connected CW complex. Let R = K0(A) and let R
×
+ denote the multiplicative abelian group
K0(A)
×
+. If A is purely infinite, then K0(A)
×
+ = K0(A)
× and so R×+ = R
×. Suppose that A satisfies
the UCT. Then K1(A) = 0 by [52].
The coefficients of the generalized cohomology theory E∗A(X) were computed in Theorem 2.18.
Consequently, by [25], the E2-page of the Atiyah-Hirzebruch spectral sequence for the generalized
cohomology E∗A(X), A 6= C, looks as shown below.
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0 1 2 3
0 H0(X,R×+) H
1(X,R×+) H
2(X,R×+) H
3(X,R×+)
−1 0 0 0 0
−2 H0(X,R) H1(X,R) H2(X,R) H3(X,R)
−3 0 0 0 0
−4 H0(X,R) H1(X,R) H2(X,R) H3(X,R)
If A = C, all the rows of the E2-page of E
1
C(X) are null with the exception of the (−2)-row whose
entries are Hp(X,Z), p ≥ 0. Since the differentials in the Atiyah-Hirzebruch spectral sequence are
torsion operators, [2, Thm.2.7], we obtain the following.
Corollary 4.4. Let X be a finite connected CW complex such that H∗(X,R) is torsion free. If
A 6= C satisfies the UCT, then
BunX(A⊗K) ∼= E
1
A(X)
∼= H1(X,R×+)×
∏
k≥1
H2k+1(X,R) .
Corollary 4.5. Let X be a compact metrizable space and let MQ denote the universal UHF-algebra
with K0(MQ) ∼= Q. Then there are natural isomorphism of groups
BunX(MQ ⊗K) ∼= E
1
MQ(X)
∼= H1(X,Q×+)⊕
⊕
k≥1
H2k+1(X,Q) .
BunX(MQ ⊗O∞ ⊗K) ∼= E
1
MQ⊗O∞(X)
∼= H1(X,Q×)⊕
⊕
k≥1
H2k+1(X,Q) .
Proof. Set h∗(X) = E∗A(X), h¯
∗(X) = E¯∗A(X) (see Cor. 3.9) and R = K0(A) where A is either MQ
or MQ ⊗O∞. We will show that there are natural isomorphisms (i) h
1(X) ∼= H1(X,R×+)⊕ h¯
1(X)
and (ii) h¯1(X) ∼=
⊕
k≥1H
2k+1(X,Q). Note that h¯∗(pt) = tQ[t] with deg(t) = −2 and h∗(pt) =
R×+ ⊕ tQ[t]. Suppose first that X is a finite connected CW-complex. Then (ii) follows by applying
the isomorphism established in equation (3.20) of [25, p.48] since h¯∗(pt) is a vector spaces over Q. If
G is a topological group and H a normal subgroup of G such that H → G→ G/H is a principal H-
bundle, then there is a homotopy fibre sequence G → G/H → BH → BG → B(G/H) and hence
an exact sequence of pointed sets [X,G] → [X,G/H] → [X,BH] → [X,BG] → [X,B(G/H)].
Using this for the principal bundle from Corollary 2.19 we obtain an exact sequence of groups
0→ h¯1(X)→ h1(X)
δ0−→ H1(X,R×+). We want to compare this sequence with the exact sequence
0 → F 2h1(X) → h1(X) → H1(X,R×+) → 0 given by the Atiyah-Hirzebruch spectral sequence.
Recall that F 2h1(X) = ker(h1(X) → h1(X1)), where X1 is the 1-skeleton of X. Since both maps
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with target H1(X1, R
×
+) are injective in the following commutative diagram induced by X1 →֒ X
h1(X)
δ0
//

H1(X,R×+)

h1(X1) // H
1(X1, R
×
+)
we deduce that F 2h1(X) ∼= ker(δ0) ∼= h¯
1(X) and hence obtain an exact sequence 0 → h¯1(X) →
h1(X) → H1(X,R×+) → 0. Since h¯
1(X) is a divisible group it follows that h1(X) splits as
H1(X,R×+) ⊕ h¯
1(X). To verify that there is a natural splitting one employs the natural trans-
formation h∗(X) → h¯∗(X) induced by the coefficient map h∗(pt) → h¯∗(pt), (r, f(t)) 7→ f(t), see
[25, Thm.3.22].
For the general case we write X as a projective limit of a system of polyhedra (Xn)n and then
we apply the continuity property of E1A(X) as discussed in Remark 3.10. 
Let A ≇ O2 be a strongly self-absorbing C*-algebra that satisfies the UCT. Then A⊗MQ ⊗
O∞ ∼=MQ⊗O∞ by [52]. The canonical unital embedding A→ A⊗MQ⊗O∞ ∼=MQ⊗O∞ induces
a morphism of groups Aut(A⊗K)→ Aut(MQ ⊗O∞ ⊗K) and hence a morphism of groups
δ : E1A(X)→ E
1
MQ⊗O∞(X)
∼= H1(X,Q×)⊕
⊕
k≥1
H2k+1(X,Q).
Definition 4.6. We define rational characteristic classes δ0 : BunX(A ⊗ K) → H
1(X,Q×) and
δk : BunX(A ⊗ K) → H
2k+1(X,Q), k ≥ 1, to be the components of the map δ from above. It is
clear that δ0 is lifts to a map δ0 : BunX(A ⊗ K) → H
1(X,K0(A)
×
+) induced by the morphism of
groups Aut(A⊗K)→ π0(Aut(A⊗K)) ∼= K0(A)
×
+ and which gives the obstruction to reducing the
structure group to Aut0(A⊗K). We will see in Corollary 4.8 that δ1 also lifts to an integral class
with values in H3(X,Z) for A = Z. One has δk(B1 ⊗B2) = δk(B1) + δk(B2), k ≥ 0.
Since the differentials in the Atiyah-Hirzebruch spectral sequence are torsion operators we
deduce:
Corollary 4.7. Let A be a strongly self-absorbing C*-algebra that satisfies the UCT. Let X be a
finite connected CW complex such that H∗(X,Z) is torsion free. Then:
(i) B1, B2 ∈ BunX(A⊗K) are isomorphic if and only δk(B1) = δk(B2) for all k ≥ 0.
(ii) BunX(Z⊗K) ∼=
⊕
k≥1H
2k+1(X,Z) and BunX(O∞⊗K) ∼= H
1(X,Z/2)⊕
⊕
k≥1H
2k+1(X,Z).
Corollary 4.8. Let X be a compact connected metrizable space. Let A be a strongly self-absorbing
C∗-algebra, which satisfies the UCT. Then H i+2(X,K0(A)) is a natural direct summand of E¯
i
A(X)
for all i ≥ 0. It follows that there is a natural homomorphism
δ¯1 : E¯
1
A(X)→ H
3(X,K0(A))
giving back the usual Dixmier-Douady class for A = C.
Proof. Recall that EiC(X)
∼= E¯iC(X)
∼= H i+2(X,Z). Using the continuity properties discussed in
Remark 3.10, we may assume that X is a finite connected CW complex. Since A satisfies the
UCT, K1(A) = 0 and K0(A) ⊂ Q is flat and satisfies K0(A) ⊗ K0(A) ∼= K0(A). The natural
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transformation of cohomology theories E¯∗A(X)
∼=
−→ E¯∗A(X) ⊗ K0(A) is an isomorphism since it
is so on coefficients. The unital map C → A induces a natural transformation of cohomology
theories T : E¯∗C(X) ⊗ K0(A) → E¯
∗
A(X) ⊗ K0(A)
∼= E¯∗A(X). The desired conclusion follows now
from the naturality of the Atiyah-Hirzebruch spectral sequence since all the rows of the E2-page of
E¯∗C(X)⊗K0(A) are null with the exception of the (−2)-row and T induces the identity map on this
row due to the isomorphism π2(Aut(K))⊗K0(A)→ π2(Aut(A⊗K))⊗K0(A) ∼= π2(Aut(A⊗K)), see
Theorem 2.18. The edge homomorphism E¯iA(X)→ H
i+2(X,K0(A)) and T give the splitting. 
Corollary 4.9. Let X be a compact metrizable space and let A be a strongly self-absorbing C*-
algebra. Two bundles B1, B2 ∈ BunX(A⊗K) are isomorphic if and only if B1 ⊗O∞ ∼= B2 ⊗O∞.
Proof. Without any loss of generality we may assume that X is a finite CW-complex. By Corol-
lary 2.19 there is a commutative diagram with exact rows
0 // Aut0(A⊗K) //

Aut(A⊗K)

// K0(A)
×
+

// 0
0 // Aut0(O∞ ⊗A⊗K) // Aut(O∞ ⊗A⊗K) // K0(A)
× // 0
Passing to classifying spaces we obtain a commutative diagram:
0 // [X,BAut0(A⊗K)] //
i

[X,BAut(A⊗K)]
T

// H1(X,K0(A)
×
+)
j

0 // [X,BAut0(O∞ ⊗A⊗K)] // [X,BAut(O∞ ⊗A⊗K)] // H
1(X,K0(A)
×)
This is a diagram of abelian groups by Theorem 3.8 and Corollary 3.9. The map j is injective. This
follows from the exactness of the sequenceH0(X,R2)→ H
0(X,R2/R1)→ H
1(X,R1)→ H
1(X,R2)
induced by an inclusion of discrete abelian groups R1 →֒ R2. Let us argue that the map i is also
injective. If A 6= C, this follows from Corollary 2.21, whereas for A = C this was proved in
Corollary 4.8. The five lemma implies now that the map T : E1A(X)→ E
1
A⊗O∞
(X) is injective. 
Finally we address the question to what extent the results (i) and (ii) of Dixmier and Douady
mentioned in the introduction admit generalizations to our context. The following statement cor-
responds to (i) and the first part of (ii).
Corollary 4.10. Let B be a separable continuous field of C*-algebras over a compact metrizable
space whose fibers are Morita equivalent to the same strongly self-absorbing C*-algebra A. Suppose
that B satisfies Fell’s condition. Then for each x ∈ X, there is a closed neighborhood V of x with the
following property. There exists a unital separable continuous field D over V with fibers isomorphic
to A such that B(V ) ⊗ K ∼= D ⊗ K. If A is finite dimensional or if X is finite dimensional, then
B ⊗ K is locally trivial and therefore we can associate to it an invariant δ(B) ∈ E1A(X) which
classifies B ⊗K up to isomorphism of continuous fields, and B up to Morita equivalence over X.
Proof. Let x ∈ X. Let p and V be as in Definition 4.1. Letting D := pB(V )p we have already seen
in the proof of Theorem 4.2 that B(V ) ⊗ K ∼= D ⊗ K and that all the fibers of D are isomorphic
to A. If A is finite dimensional, then A = C, and so obviously D = C(V ). This corresponds to the
24 MARIUS DADARLAT AND ULRICH PENNIG
result (i) of Dixmier and Douady. If X is finite dimensional, then B(V ) ⊗ K ∼= C(V ) ⊗ A⊗ K by
Theorem 4.2. We conclude the proof by applying Theorem 3.8. 
As we have just seen, the class δ(B) ∈ E1A(X) is defined for continuous fields with fibers Morita
equivalent to A which satisfy Fell’s condition. Furthermore, one can associate rational characteristic
classes to certain continuous fields which are typically very far from being locally trivial and whose
fibers are not necessarily Morita equivalent to each other.
Corollary 4.11. Let B be a separable continuous field of C*-algebras over a finite dimensional
compact metrizable space whose fibers are Morita equivalent to (possibly different) strongly self-
absorbing C*-algebras satisfying the UCT. Suppose that for each x ∈ X there is a closed neighbor-
hood V of x and a projection p ∈ B(V ) such that [p(v)] 6= 0 in K0(B(v)) for all v ∈ V . Then
B♯ := B ⊗O∞ ⊗MQ ⊗K is locally trivial and so we can associate “stable” rational characteristic
classes to B, by defining δstablek (B) = δk(B♯) ∈ H
2k+1(X,Q). These cohomology classes determine
B♯ up to an isomorphism.
Proof. The fibersB♯(x) = B(x)⊗O∞⊗MQ⊗K satisfy the UCT and they are stabilized strongly self-
absorbing Kirchberg algebras not isomorphic to O2⊗K since K0(B(x)) 6= 0. It follows by [52] that
they are all isomorphic to O∞⊗MQ⊗K and moreover that the induced mapK0(B(x))→ K0(B♯(x))
is injective for all x ∈ X. It follows that B♯ satisfies Fell’s condition and hence it is locally trivial
by Theorem 4.2. We conclude the proof by applying Corollary 4.5. 
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